ABSTRACT Let D be a bounded domain in the complex plane whose boundary consists of m ≥ 2 pairwise disjoint simple closed curves and let A(bD) be the algebra of all continuous functions on bD which extend holomorphically through D. We show that a continuous function Φ on bD belongs to A(bD) if for each g ∈ A(bD) the harmonic extension of ℜ(gΦ) to D has a single valued conjugate.
Let D be a bounded domain in the complex plane whose boundary consists of m pairwise disjoint simple closed curves. A continuous real function ϕ on bD has a unique continuous extension H(ϕ) to D which is harmonic on D. The conjugate H(ϕ)
* of H(ϕ) is a harmonic function on D which, in general, is multiple valued. It is determined up to an additive constant. Let A(bD) be the algebra of all continuous functions on bD which extend holomorphically through D.
If Φ ∈ A(bD) then the harmonic extension of ℜΦ, the real part of Φ, has the single valued conjugate ℑΦ whereΦ is the holomorphic extension of Φ through D. Thus, for any g ∈ A(bD), the harmonic extension of ℜ(gΦ) has a single valued conjugate. In the present note we show that in the case when D is multiply connected, that is, when m ≥ 2 this property characterizes the functions from A(bD).
PROPOSITION Let D be a bounded domain in the plane whose boundary consists of m ≥ 2 pairwise disjoint simple closed curves. A continuous function Φ on bD extends holomorphically through D if and only if for each g ∈ A(bD) the conjugate of the harmonic extension of ℜ(gΦ) is single valued.
In other words, Φ extends holomorphically through D if and only if for each g ∈ A(bD) the harmonic extension of ℜ(gΦ) to D is the real part of a single valued holomorphic function on D.
There is no such proposition in the case when D is simply connected as in this case every harmonic function on D has a single valued conjugate.
Every bounded domain D ⊂ C whose boundary consists of finitely many pairwise disjoint simple closed curves is biholomorphically equivalent to a domain D ′ bounded by finitely many pairwise disjoint circles [4] . Moreover, every biholomorphic map Φ: D → D 
For each j, 1 ≤ j ≤ m, h j + ih * j is a multiple valued holomorphic function in a neighbourhood of D whose complex derivative
′ is a single valued holomorphic function in a neighbourhood of D without zeros on bD [3, p.81]. The Cauchy-Riemann equations imply that on bD 
The only if part of the proposition follows from the discussion preceding the proposition. To prove the if part, assume that Φ is a continuous function on bD such that for each g ∈ A(bD) the conjugate of the harmonic extension of ℜ(gΦ) is single valued.
By (2) it follows that for each g ∈ A(bD) we have
It follows that for each z ∈ C \ D we have
which implies that for each j, We conclude with an example. Let 0 < R < 1 and let D = {ζ: R < |ζ| < 1}. Let Φ = ϕ|bD where ϕ(z) = z. Let g(z) = z n , n ∈ Z, n = 1. Then ℜ(gΦ)(e iθ ) = cos((n−1)θ),
is harmonic on C \ {0} and satisfies u(e iθ ) = cos((n − 1)θ), u(Re iθ ) = R n+1 cos((n − 1)θ) (0 ≤ θ < 2π) so u provides a harmonic extension of the function ζ → ℜ[ζ n Φ(ζ)] (ζ ∈ bD) to C \ {0}. Clearly
is single valued. Thus, for every n ∈ Z, n = 1, the conjugate of the harmonic extension of the function ζ → ℜ[ζ n Φ(ζ)] (ζ ∈ bD) is single valued on D, yet Φ does not extend holomorphically through D.
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